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Between-phase transition analysis and monitoring are a critical problem in multiphase (MP) batch processes. An improved
statistical analysis, modeling, and monitoring strategy are proposed for MP processes with between-phase transition. It is
realized that between-phase transition may show complex ‘‘irregular dynamics’’ over different batches. That is, transition
patterns may follow different trajectories with different durations and reveal different characteristics in different batch
cycles. Phase centers are defined to capture the transition irregularity, and the relationship between two neighboring phase
centers is analyzed by performing between-phase analysis. Two different subspaces are thus separated in each phase, driven
by the phase-common and dependent correlations, respectively. The basic assumption is that despite their different
operation patterns, the two neighboring phases share a certain common correlations immune to phase shift. Then,
reconstruction-based transition identification algorithm is designed, by which, between-phase transition can be supervised
automatically and dynamically without the need of transition model development. The proposed method captures the
between-phase transition from a new viewpoint. Its feasibility and performance are illustrated with a practical case. VVC 2011
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Introduction

Multivariate statistical techniques, such as multiway prin-
cipal component analysis (PCA) and multiway partial least
squares,1–3 were introduced by Nomikos and Macgregor for
batch process monitoring. Since then, many applications and
extensions have been reported.4–13 The subject of statistical
modeling and monitoring arouses new issues and demand
specific solutions when it refers to multiphase (MP) batch
processes. Considering that the multiplicity of phases is an
inherent nature of many batch processes and each phase
exhibits different underlying behaviors, phase-based statisti-
cal analysis and monitoring strategies have been developed
and achieved wide applications.8,10,13–24 A batch process
may be divided into several modeling phases as indicated by
the changes of the inherent process correlation nature. De-
spite that the process may be externally time varying or non-
stationary, the correlations of process variables are largely
similar within the same phase, which can be characterized
by a representative statistical model.17 Multiple-phase mod-
els are thus developed for online monitoring. In this way,
the behavior of each phase can be seen and, thus, more

comprehensive process understanding can be expected. Here,
it should be noted that as clearly stated in the previous
work,25 the divided phases, which more exactly, may be
called as ‘‘modeling phases,’’ are defined from the viewpoint
of statistical meaning. They focus on reflecting the changes
of the underlying correlation characteristics and may be dif-
ferent from the real physical ‘‘operating phases.’’ For sim-
plicity, they are uniformly called ‘‘phase’’ in this work
unless otherwise noted. Yao and Gao25 gave an overview of
MP statistical analysis methods for process analysis, moni-
toring, quality prediction, and online quality improvement,
where different types of phase division and phase-based
modeling strategies in the previous literature were analyzed
and discussed.

However, the conventional phase partition algorithms di-
vided each sample into one definite phase and neglected the
phase-to-phase transition characteristics. MP batch processes
can operate in a variety of steady phases and between-phase
dynamic transitions. Traditional-phase models experience a
mismatch problem during transition regions as transition pat-
terns may compromise the accuracy of phase representative
models. Thus, the monitoring performance may be jeopar-
dized, and frequent false alarms may be caused even though
the process is actually under normal status. Considering the
phase transition phenomena are common in industry batch
processes, it is significant and promising to investigate the
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transiting characteristics. As a challenging problem, the real-
time monitoring of phase transition has drawn increasing
attention recently. Up to now, there are only two works
reported to solve the phase transition problem. Zhao et al.26

first proposed the idea of phase transition monitoring and
developed a soft transition multiple PCA modeling algo-
rithm. The hard k-mean clustering algorithm was modified
by defining two radiuses and ambiguous phase boundary.
The transition regions between two neighboring phases were
separated and given fuzzy memberships based on their rela-
tionships with the two-phase models. However, the member-
ship grade, which evaluated the similarity of transition pat-
tern to the phase behavior, was calculated based on Euclid-
ean distance between the time-slice PCA loadings and phase
PCA loadings. Its accuracy might influence the transition
model. Moreover, the size of transition regions depended on
the subjective choice of two radiuses. Yao and Gao27 calcu-
lated the angles between different PCA models to identify
the transition automatically without user-specified parame-
ters. The membership parameters in transition models were
calculated by solving an optimization problem to maximize
the similarities between the transition time-slices and the
neighboring phases.

Actually, the above methods both identify and fix the tran-
sition models a priori based on their relationships with two
neighboring phases. The basic assumption is that each transi-
tion pattern follows fixed characteristics at certain between-
phase time. Although they realize the dynamics of transition
patterns along time direction, the predefined transition mod-
els may not be enough to capture the complex transition
behavior. It is common that the between-phase operation pat-
terns show the gradual changeover between two neighboring
phases and also yield local fluctuation. Regularly, at the be-
ginning they have the underlying characteristic more similar
to the starting phase, whereas at the end they behave more
similar to the target one. This can be called as ‘‘time-varying
dynamics’’ within the same batch cycle. However, uncer-
tainty is also observed from batch to batch. That is, the tran-
sition may go through different between-phase transition tra-
jectories, start earlier or later, and progress faster or slower.
Therefore, even at the same given time, the transition pattern
may reveal different characteristics from those in other
batches considering the complex situation of unstable transi-
tion behaviors. This results in batch-wise ‘‘irregular’’ transi-
tion patterns. Here, it can be called as ‘‘batch-varying
dynamics’’ in opposite to previously well-recognized time-
varying dynamics. From this viewpoint, the transition pattern
may not be characterized comprehensively by a fixed statisti-
cal model. On the other hand, previous work on MP and
transition modeling methods isolated each individual phase
and did not consider the between-phase interrelationship. In
reality, despite the difference between two neighboring
phases, they also share a certain similarity. The between-
phase transition is actually mainly reflected by the changes
of phase-specific characteristics as phase-common informa-
tion stays invariable during the transition progress. Despite
the importance of between-phase transition monitoring, the
above problems have not been addressed yet.

In this work, between-phase analysis is performed for MP
modeling and online monitoring. Especially, focusing on
between-phase transition behaviors, the batch-wise ‘‘irregu-
larity’’ is analyzed, and transition behavior is comprehended
and tracked from a novel viewpoint. Instead of adopting iso-
lated phase modeling, it is necessary to first gain a detailed

insight into the underlying characteristics of two neighboring
phases, which can provide important information for transi-
tion analysis. It is found that despite the switch between
phases, it does not mean that all underlying correlations
change to completely different ones. It is easy to understand
that some of the underlying correlation information remains
the same and are consistent over two neighboring phases,
which can be well approximated by a uniform statistical
model. And more similarity should be observed between two
neighboring phases than those nonadjacent ones. Other
underlying information changes from phase to phase, reveal-
ing the between-phase difference in their underlying charac-
teristics. It is clear that the phases are actually distinguished
by this part of information. Motivated by such a finding, a
two-step multiset variable correlation analysis (MsVCA),28

which was proposed to relate the inherent variable correla-
tions over multiple data spaces, can be used here as the basic
modeling method. Following the development of a theoreti-
cal algorithm along with its property analysis in the previous
work,28 this study addresses the potential of using the afore-
mentioned algorithm to solve the between-phase transition
problem. With this method, the original phase measurement
space can be separated into two different subspaces, where
each subspace contains different underlying information.
One subspace is called the common subspace that is spanned
within each phase by the common bases. The other is called
the noncommon subspace that is supported by those specific
bases in each phase. Correspondingly, the underlying charac-
teristics of each phase are separated, with the common and
noncommon subspaces accounting for the between-phase
similarity and dissimilarity, respectively. The separation of
the common and specific information among different phases
and the attention given to both provide a good platform for
transition analysis. Only steady-phase models are built with
corresponding monitoring confidence interval. No fixed mon-
itoring systems are needed in advance for any between-phase
transitions considering the ‘‘batch-wise irregularity.’’ This is
quite different from the previous work,26,27 where the mem-
bership grades were calculated to get transition models
beforehand. During online application, the transition behav-
iors can be supervised dynamically by checking whether it
can be well described by the associated neighboring-phase
models. It is based on the basic assumption that although the
transition behaviors at some time show batch-to-batch oscil-
lation, the underlying characteristics show the changes from
the starting phase toward the target phase.

The rest of this article is organized as follows. First, the
between-phase transition problem is stated for MP batch
processes. The MsVCA algorithm28 is revisited, and its fea-
sibility for between-phase analysis is also revealed. Subse-
quently, the proposed between-phase modeling and monitor-
ing procedure are formulated in detail. The underlying prin-
ciple support is described, and its suitability and rationality
are highlighted. In the following section, the application to a
practical case is illustrated, in which, the presented recogni-
tion and argument are verified by the results. Finally, conclu-
sions are drawn in the last section.

Methodology

Between-phase transition analysis

In MP batch processes, between-phase changeovers are
frequent. Commonly, the process actually covers steady sta-
tus and dynamic transition status from its previous phase or
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to its next phase. The questions of whether the process con-
ditions during transitions are correct and how to assess the
successful completion of a transition are attracting increasing
attention,26,27 yet still having challenges not met up to now.
Valid process monitoring during transitions is important to
guarantee stable and good transition performance. Com-
monly, the transition pattern shows the gradual changes
starting from the first phase and toward the second phase
and stays in a steady status after reaching the second phase.
Then, at the end of the second phase, the process will go
through another transition from the current phase toward the
third one. The underlying characteristics of the transition
patterns at the beginning resemble the characteristics of the
start phase, whereas those later in the transition resemble the
characteristics of the target steady phase. That is, the transi-
tion pattern can be interpreted with models of start phase
and target phase. When a large number of process measure-
ments are collected, one could make use of data-based multi-
variate statistical analysis methods to predefine the transition
region in a lower feature subspace to ensure that the new
transitions follow an acceptable path. However, resulting
from the complexity of between-phase transition behavior,
such as varied trajectories, duration, and starting time, the
underlying transition characteristics are also irregular over
batches. It is hard to distinguish the clear boundary between
the steady phase and transition. Thus, it is impossible to
characterize all possible transition patterns closely enough
by fixed statistical models. Moreover, those transition pat-
terns may not show consistent between-phase evolving trend.
Sometimes, reversion is noticed, where the later transition
may be more similar with the previous phase than those
transition patterns before it. On the other hand, it is gener-
ally unfeasible that modeling samples are sufficient enough
to cover all possible transition patterns. The new transition
patterns that emerge during online application and show dif-
ferent characteristics against the reference ones may be
detected as abnormal occurrence.

To accommodate the transition uncertainty, in our method,
there is no need to fix the clear boundary between steady
phase and transition regions from reference batches. Instead,
phase centers, which are supposed to be in steady status, are
defined by the sample in the middle time in each phase as
shown in Figure 1, taking a simple three-phase process for
instance. If there are even samples in this phase, the middle
two can be used as the centers. In extreme case, the earliest
transition may start right after the center of the starting
phase and the latest one may end right before the center of
the target phase. To more comprehensively accommodate all
possible transition cases, the operation patterns between the
centers of two adjacent phases are all regarded to be possible
transitions. This is different from the previous method,26,27

which first fixed the transition region and separated it from

the steady phase region before modeling. Generally, the far-
ther from the starting phase center and nearer to the target
phase center, the more possible it is to be in transition status
or even in the steady status of the target phase. For each
phase (except the first and last phases), it can be separated
by the phase center into two halves, the transition region
from its previous phase and the transition region to its next
phase. From the process beginning, for any operation pattern,
based on the current time, there are three cases that should
be considered based on the illustration in Figure 1:

1. if it is before Phase Center I (the gray area), it is
regarded to be operating in steady status in Phase I as no
phase is adjacent to this region;

2. if it is between the centers of Phases I and II, it is pos-
sible that it may be operating in steady status in Phase I or
II or it may lie in between-phase transition from Phase I to
Phase II. The scenario is the same for those samples between
the centers of Phases II and III;

3. if it is after Phase Center III (the gray area), it is
regarded to be operating in steady status in Phase III as no
phase is adjacent to this part.

Based on the above analysis, the basic idea of the pro-
posed method is as each transition pattern always shows dif-
ferent similarity with its neighboring phases, any normal
transition pattern can be well accommodated by the two con-
cerned phase models. This is the basic difference between a
normal transition and abnormal process behavior. Moreover,
instead of forcibly formulating a fixed transition model at
each time, it is more desirable to dynamically describe each
transition pattern by time-varying combinations of the two
phases, where the ratio that each phase model plays is deter-
mined automatically by the current specific transition charac-
teristics and its respective relationships with the two adjacent
phases.

Moreover, from between-phase viewpoint, although one
part of the underlying correlations changes from phase to
phase, there is still one part of process correlations that stays
invariable. Here, this is referred as ‘‘partial between-phase
dissimilarity’’ as opposed to previous common recognition.
The phase-common correlations are immune to the phase
shift as they are similar in the two neighboring phases,
whereas the phase-specific correlations change with the
phase changeover. Clearly, it is the between-phase different
correlations that distinguish the two adjacent phases, which
can more clearly track the progressing of each transition pat-
tern from starting phase to the target phase. So the key is
how to separate the two different types of correlations in
each phase. Therefore, the underlying information in each
phase should be modeled in quite a different form from the
conventional ones.

Motivated by such cognition, a two-step MsVCA28 algo-
rithm, which was proposed to relate the inherent variable
correlations over multiple data spaces, can be used here as
the basic modeling method. It should be noted that here only
the between-set analysis is conducted as transition only hap-
pens between two neighboring phases. Following the devel-
opment of a theoretical algorithm along with its property
analysis in the previous work,28 this study addresses the
potential of using the aforementioned algorithm to solve the
between-phase transition problem. For readability, a brief
presentation of this algorithm is given in Appendix. By this
algorithm, within each phase, the original measurement
space can be separated into two different subspaces. One is
called the common subspace, revealing the similar between-

Figure 1. Illustration of between-phase analysis based
on a simple three-phase process.
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phase underlying correlations. The other is called the specific
subspace enclosing the different correlations between two
adjacent phases. In comparison to the traditional statistical
techniques, the separation of the common and specific corre-
lations and the dual care paid to both are the major differen-
ces. In this way, one can better characterize and monitor the
transition behavior by checking the phase-common and spe-
cific information, respectively.

Between-phase subspace separation

In each batch run, assume that J process variables are
measured online at k ¼ 1, 2, …, K time instances throughout
the batch. Then, process observations collected from similar
I batches can be organized as a three-way array X (I � J �
K). At each time, the means of each column are subtracted
to approximately eliminate the main nonlinearity. And each
variable is scaled to unit variance to handle different mea-
surement units, thus giving each equal weight. In this work,
the batches are of equal length without special declaration so
that the specific process time can be used as an indicator for
data normalization.

Phase information should be identified before between-
phase analysis. In MP modeling, one important issue is how
to get the phase marks (i.e., phase division) before designing
the phase model. Various strategies8,10,17–22 have been
reported from different viewpoints and based on different
principles, providing a rich database for phase division, and
can be put into practical process monitoring. Besides the a
priori mechanism knowledge-based phase partition meth-
ods,8,10 several automatic phase division algorithms have
been presented. Lu et al.17 developed a k-mean clustering
algorithm based on time-slice PCA loadings, which are sup-
posed to reveal the underlying variables correlations. The
consecutive similar PCA loadings will be collected in the
same class (phase), and clustering result generally agrees
well with the process time. Camacho and Pic proposed a MP
algorithm18,19 for automatic phase identification so that each
segment of the batch can be well approximated by a linear
PCA model with acceptable nonexplained variance. In this
work, assuming that no prior process knowledge is available,
C phases can be readily identified along time direction by
clustering algorithm as what was done by Lu et al.17 Cer-
tainly, the phase information can also be modified based on
clustering result using prior expertise. Then the phase centers
are obtained in each phase, which represent the steady phase
status, Xi (INi � J) (i ¼ 1, 2, …, C), where I is the number
of batches and Ni is the number of time samples chosen as
the phase centers. Generally, Ni is 1 and 2 corresponding to
even and odd samples in each phase as mentioned before.

The between-phase similarity is deemed to be driven by
some common basis vectors. Using MsVCA algorithm, the
common bases are extracted focusing on two adjacent
phases, which are representative enough of the other samples
and can substitute all samples by their linear combinations.
They can be used as the key evaluation index of the
between-phase similarity. Here, it should be noted that for
each phase, when it is analyzed with different adjacent
phases, the analysis result may be different. For example,
regarding Phase 2, for transition regions 1 and 2 and for
transition regions 2 and 3, respectively, the between-phase
models are different. For C phases, there are C � 1
between-phase combinations that should be analyzed.

For any two adjacent phases, Xi (INi � J) and Xiþ1 (INiþ1

� J), which may have a different number of samples but the
same variables, the between-phase common global bases are
obtained by MsVCA: Pg (J � Rc), where Rc is the retained
number of common bases. Then each original observed data
space (Xi) is separated into two different parts, Xi

c and Xi
s

Xi ¼ Xc
i þ Xs

i

XcT
i ¼ PgBc

i ¼ Pg PT
g Pg

� ��1

PT
g XT

i ¼ PgPT
g XT

i

XsT
i ¼ XT

i � XcT
i ¼ I � PgPT

g

� �
XT

i

(1)

where Bc
i ¼ (PT

g Pg)�1 PT
g XcT

i is the linear combination
coefficient corresponding to the common bases. Actually, GPg

¼ Pg (PT
g Pg)�1 PT

g ¼ PgPT
g is the orthogonal projector onto the

column space of Pg, and HPg
¼ I � GPg

¼ I � PgPT
g is the

antiprojector with respect to the column space of Pg.
Therefore, from another viewpoint, the two subspaces can
also be regarded as the ones obtained by projecting Xi onto the
projectors, XiGPg

and XiHPg
. It is clear that the two subspaces

are orthogonal to each other as Xc
i (Xs

i )
T ¼ Xi GPg

(XiHPg
)T ¼ 0.

By between-phase analysis, one can find more meaningful
intrinsic information hidden in each phase.

Moreover, from Eq. 1, the linear combination coefficients
or regression coefficients Bc

i (Rc � INi) are actually calcu-
lated by projecting Xc

i directly onto the common bases

Bc
i ¼ PT

g XcT
i ¼ PT

g XiGPg

� �T¼ PT
g PgPT

g XT
i ¼ XiPg

� �T
(2)

However, it should be noted that these combination coeffi-
cients in the common subspace are not guaranteed to be
orthogonal to each other.

In the phase-common subspace, the observations/objects
enclose the same underlying correlations as all of them are
the linear combinations of common bases, which can be
used as the uniform statistical model common to two adja-
cent phases. Also it should be noted that the linear combina-
tions in each neighboring phase may be different, represent-
ing different variances along common bases.

In the phase-specific subspace, the objects contain no in-
formation associated with the common bases and, thus, are
different and specific to each phase, revealing their dissimi-
larity. Therefore, different model structures should be
designed for each subspace. Moreover, these objects are not
guaranteed to cover only the systematic information. The tra-
ditional PCA decomposition is performed in each specific
subspace to separate the systematic information and the
noise information

Ts
i ¼ Xs

i P
s
i ¼ Xi I � PgPT

g

� �
Ps

i

X̂
s

i ¼ Ts
i P

sT
i

Es
i ¼ Xs

i � X̂
s

i

(3)

where Px
i (J � Rs

i ), the specific PCA loadings in each phase,
reveal the major variation directions specific to each phase and
Rs

i is the retained PC number. Es
i is the specific-to-phase

residual, and it is also the final noise error. In this way, each
specific-to-phase subspace is further divided into two parts:
the systematic specific variation information and the final
noise errors. Generally, Ps (J � Rs

i ) should be more different
between phases if those common bases are all excluded.
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Moreover, it is clear that the specific bases are orthogonal to
those common bases resulting from Xc

i (Xs
i )T ¼ 0. Therefore,

the phase-specific scores Ts
i can also be obtained by directly

projecting the original phase measurement (Xi) onto Ps
i : Ts

i ¼
Xi Ps

i .
From another viewpoint, as Ps

i ¼ XsT
i Ts

i (T
sT
i Ts

i )
�1, these

PCA loadings can also be expressed as one form of linear
combination of the original measurement, and can thus be
regarded as the basis vectors. Moreover, in the specific sub-
space, each sample in X̂

s

i can be reconstructed by the linear
combination of Ps

i , in which, the combination coefficients
are actually the orthogonal specific scores Ts

i (INi � Rs
i ).

In summary, the underlying characteristics of steady status
covered by each phase center are formulated in two subspa-
ces as follows

Xi ¼ Xc
i þ Xs

i

¼ Xc
i þ X̂

sT

i þ Es
i

¼ XiPgPT
g þ XiP

s
i P

sT
i þ Es

i

¼ Bc
i PT

g þ Ts
i P

sT
i þ Es

i

¼ Xi PgPT
g þ Ps

i P
sT
i

� �T

þEs
i

¼ Xi Pg;Ps
i

� �
Pg;P

s
i

� �TþEs
i

¼ XiXiX
T
i þ Es

i

(4)

where for each phase, the complete systematic model, Xi ¼
[Pg, Ps

i ], describes both common-to-phase and specific-to-
phase systematic correlations. Correspondingly, Bc

i and Ts
i are

their associated variations or their contributions.

Between-phase monitoring system

For different phase centers, from the between-phase view-
point, different monitoring systems can be designed. Based

on between-phase subspace separation result, two types of
statistics are commonly calculated: the T2-statistic that
describes the systematic part captured by monitoring models
and the Q-statistic that represents the residual part unoccu-
pied by monitoring models. They are calculated as follows
for each subspace

Tc2
i;k ¼ ðbc

i;k � �b
c

i Þ
T
O�1

i;c ðbc
i;k � �b

c

i Þ
Ts2

i;k ¼ ðts
i;k ��t

s
i Þ

T
O�1

i;s ðts
i;k ��t

s
i Þ

SPEs
i;k ¼ esT

i;kes
i;k

(5)

where bc
i;k (Rc � 1) and ts

i;k (Rc � 1) are the common and
specific score vectors of the observation at the kth sample
time, respectively. bc

i and ts
i denote the corresponding

mean vectors, both of which are zero vectors resulting
from the mean centering during data preprocessing; Oi,c

(Rc � Rc) and Oi,s (Rs
i � Rs

i ) are the variance–covariance
matrices of components, respectively. es

i;k (J � 1) is the
residual.

In each phase, the original measurement samples are
deemed to follow a multivariate Gaussian distribution.

Therefore, the linear combination coefficients corresponding
to the bases should also follow this distribution. This pre-
mise provides an important basis for deriving the confidence
limits of monitoring statistics. So the control limits in the
systematic subspace for each phase are defined by the F-dis-
tribution with a as the significance factor29,30

T2
i �

R N2
i � 1

� �
Ni Ni � Rð ÞFR;Ni�R;a (6)

Similarly, in the residual subspace, the representative
confidence limit of squared prediction error (SPE) for each

Figure 2. Flow chart of between-phase transition moni-
toring.

Figure 3. (a) Scheme of the three-tank system and (b)
Mean process operation trajectories and the
STD along with phase clustering information
(I–IV) throughout one batch cycle.
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phase can be approximated by a weighted Chi-squared
distribution2,31,32

SPEi � giv
2
hi;a (7)

where gi ¼ mi/2mi and hi ¼ 2(mi)
2/mi, in which, mi is the

average of all the SPE values for the ith phase calculated in
Eq. 6, and mi is the corresponding variance.

Then the prepared monitoring systems are used for
between-phase transition analysis and dynamic monitoring.

1. The patterns before the first phase center and after the
last phase center are not in between-phase transition. They are
directly projected on the corresponding phase center models

bc
new ¼ Pgxnew

xc
new ¼ Pgbc

new ¼ PgPT
g xnew

xs
new ¼ xnew � xc

new ¼ I � PgPT
g

� �
xnew

ts
new;i ¼ PsT

i xnew

x̂s
new;i ¼ Ps

i t
s
new;i ¼ Ps

i P
sT
i xnew

es
new;i ¼ xs

new � x̂
s
new;i ¼ I �XiX

T
i

� �
xnew

(8)

Subsequently, the monitoring statistics, T2 and SPE statistics,
are then calculated, respectively, as below

Tc2
new;i ¼ bcT

new;iO
�1
i;c bc

new;i

Ts2
new;i ¼ tsT

new;iO
�1
i;s ts

new;i

SPEs
new;i ¼ esT

new;ie
s
new;i

(9)

If the patterns behave normally, that is, steady phase status,
they should be all well below the confidence limit. Or else,
process fault is detected.

2. For the pattern between any two phase centers (Xi

and Xj), where Xi is the starting phase and Xj is the target
phase, its time location is considered. Generally, when it is
near to each phase center, it is more possible that the pat-
tern is in steady phase status, whereas when it is far from
the phase center, it is more possible that the pattern is in
transition. The corresponding systematic variation and re-
sidual are calculated by projecting it onto the starting-phase
models as calculated in Eq. 8. If all monitoring statistics
stay well within the predefined normal regions in both sub-
spaces, the current operation pattern can be well described
by single phase. So the current sample can be deemed to be
operating according to the normal operation rule of this
phase instead of transition pattern. On the contrary, when
out-of-control monitoring alarms are issued, which means

that the current phase is not enough to capture the current
pattern, the next phase’s characteristics are influential or
one process fault is occurring. To identify the real cause,
the between-phase transition is further analyzed in the fol-
lowing subsection.

Between-phase transition identification

As analyzed before, because of various reasons, especially
the uncertainty and diversification of transition operations, it
may be difficult to obtain a determinate monitoring model to
track dynamic transition patterns comprehensively enough. It
thus would be more attractive if dynamic transition processes
can be supervised online with no prior modeling. Actually,
the close relationships between the transition pattern and its
neighboring phases can be explained and reconstructed by
the common and specific bases of those neighboring phases.
The transition trend will be reflected by the changes in the
common scores along the common bases and the switching
of the specific-to-phase bases.

Actually, each transition sample covers three types of
underlying characteristics, Pi�j,g, Ps

i�j, and Ps
j�i, which are

the common bases and the specific bases in Xi and Xj,
respectively. Therefore, the residual, after the explanation
of Xi�j ¼ [Pi�j,g, Ps

i�j], has two components: the normal
noise information and the systematic variation caused by
Ps

j�i. Then the calculated SPE statistic will go beyond the
normal limit when the transition sample is only explained
by Xi�j in the same way as shown in Eq. 8. Geometri-
cally, we want to bring xk back to the normal region of
the start phase (i) along the target phase bases Ps

j�i. The
reconstructed sample vector (x�

k) can thus be estimated as
follows

x�
k ¼ xk � Ps

j�iti�j (10)

where ti�j (subscript i � j means the reconstruction from target
phase j in the current starting phase i) is an estimate of the
linear combination coefficients, that is, the contribution
coefficients of the target phase bases Ps

j�i.
It is hoped that the overflowed residual value can be elim-

inated through the additional explanation of Ps
j�i

Table 1. Between-Phase Analysis Results

Between-phase # I II II III III IV

Number of specific bases 1 1 1 2 1 2

Pg

0

�0:0000

�0:9433

0:2975

0:1473

2
66664

3
77775

�0:0000

�0:2229

0:1140

0:8295

0:4992

2
66664

3
77775

�0:3748

�0:4923

0:3847

0:3275

0:6016

2
66664

3
77775

Variations First Pg (%) 10.74 7.91 64.03 30.39 67.64 20.78
First Ps

c (%) 86.50 85.01 29.70 52.82 24.62 52.88
First Pg þPs

c (%) 97.24 92.92 93.73 83.21 92.26 73.66

Table 2. Variation Distribution along PCA Loadings by
SubPCA

Phase # I II III IV

First Pc (%) 93.94 90.47 71.99 52.99
First two Pc (%) 97.33 97.36 96.6 89.83
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es�
k ¼ I �Xi�jX

T
i�j

� �
x�

k

¼ I �Xi�jX
T
i�j

� �
xk � I �Xi�jX

T
i�j

� �
Ps

j�iti�j

¼ HXi�j
xk � I � Pi�j;gPT

i�j;g � Ps
i�jP

sT
i�j

� �
Ps

j�iti�j

¼ HXi�j
xk � I � Ps

i�jP
sT
i�j

� �
Ps

j�iti�j

¼ HXi�j
xk � HPs

i�j
Ps

j�iti�j

¼ HXi�j
xk �Pj�iti�j

(11)

where HXi�j
¼ I � Xi�j XT

i�j, Pj�i ¼ HPs
i�j

Ps
j�i, and HPs

i�j

are the antiprojectors with respect to the column space
of Ps

i�j.
The reconstruction idea is similar to the fault identifica-

tion algorithm by Dunia and Qin33 as relative to the start
phase, the target phase acts like a process disturbance in the
current pattern. As stated in their work, the best estimate of
x�

k is found by minimizing the SPE monitoring statistic
index, kes�

k k2. Therefore, the reconstruction is given by find-
ing ti�j

Figure 4. Phase-specific bases for (a) Phase II (top: between Phase Centers I and II; bottom: between Phase Cen-
ters II and III) and (b) Phase III (top: between Phase Centers II and III; bottom: between Phase Centers III
and IV).

Figure 5. Time-varying trajectory of between-phase reconstruction ti2j for training data (a) between Phase Centers
I and II, (b) between Phase Centers II and III, and (c) between Phase Centers III and IV.
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ti�j ¼ arg min es�
k

�� ��2¼ arg min HXi�j
xk �Pj�iti�j

�� ��2

¼ PT
j�iPj�i

� ��1

PT
j�iHXi�j

xk

¼ PsT
j�iHPs

i�j
Ps

j�i

� ��1

PsT
j�iHPs

i�j
HXi�j

xk

(12)

Actually, the reconstruction ti�j is the weight attached to the
target phase model. Generally, when the pattern is nearer to
the target phase, ti�j shows larger magnitude, revealing greater
influence of the target phase in the current pattern. Then after a
certain time, when the current pattern enters the steady status
in target phase, it can be well explained by the target phase. So
the residuals after its explanation may not cover any
systematic information, and the specific scores in the starting
phase may approximate to zero.

So it will be checked whether the original out-of-control
information resulting from the disturbances different from

the starting phase can be eliminated by the target phase.
When the SPE value, SPEs�

k , is returned to the normal
region of the starting phase, the current operation pattern is
judged to be transition one. In contrast, the real process fault
cannot be reconstructed by any two phases as its underlying
characteristics and operation pattern are quite different from
the target steady phase. In this way, during online monitor-
ing, the normal steady phase patterns, between-phase transi-
tion behavior and real faults can be automatically judged
and discriminated real time. Figure 2 presents the flow dia-
gram of the proposed between-phase transition monitoring
procedure.

Moreover, it should be noted that from Eq. 12, ti�j can be
uniquely calculated if and only if (PT

j�i Pj�i)
�1 exists. In the

work by Dunia and Qin,33 they have derived the necessary
and sufficient conditions for complete reconstructability,
allowing one to assess the feasibility of reconstruction-based
transition identification. In fact, GPs

j
\ GPs

i
¼ 0 is the neces-

sary and sufficient condition for the complete reconstruct-
ability, justifying the necessity of between-phase analysis.
Through the extraction of between-phase common bases, the
between-phase overlapping correlations are removed. Then
the specific-to-phase bases will be quite different and will
focus on the between-phase complementary relationship,
thus are more likely to satisfy this condition.

Illustration and Discussion

Process description and data preparation

In this section, a typical MP batch process with between-
phase transition, the three-tank system, is used to illustrate
the performance of the proposed method. A schematic dia-
gram is shown in Figure 3a. Five process variables, includ-
ing two float inputs (F1 and F2) and three liquid levels (L1,
L2, and L3) in order, are measured in real time. The opera-
tion trajectories of the five measurement variables are illus-
trated in Figure 3b where standard deviation (STD) index, a
widely used measurement of variability or diversity, is used
to show how much batch-wise variation or dispersion is
there from the average trajectory. Also it can be seen that
the magnitude of variability actually varies in different time
regions of the process. During the operation process, two

Figure 6. Online monitoring result of a normal batch
before Phase Center I (dashed line, 95% con-
trol limit; dot line, the monitoring statistics).

Figure 7. (a) Online monitoring result of a normal batch between Phase Centers I and II and (b) reconstruction-
based transition identification result (top: time-varying trajectory of t1–2 and bottom: SPE monitoring
results) (dashed line, 95% control limit; dot line, the monitoring statistics).
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levels, L1 and L2, are brought from their initial conditions to
the set points: L1 ¼ 300 mm and L2 ¼ 200 mm; whereas
L3 is left to float to reflect the interaction between Tanks 1
and 2. The rising water levels result in strong process dy-
namics, and the closed-loop control of liquid levels generates
the strong correlations between process variables. The pro-
cess finishes after the three levels stabilize over a period of
time. Nineteen normal experiments, each collecting 120
points of historical data, are carried out under the same con-
ditions, giving a set of modeling samples at different opera-
tion statuses.

Simulation result and analysis

The three-tank process is a typical MP batch process with
between-phase transition, which can be readily partitioned
into four phases using the clustering algorithm,24 as shown
in Figure 3b along with the process variable trajectories,
revealing different underlying variable correlations over dif-
ferent phases. Then four phase centers are picked up, which
are Samples 14, 43, {72,73}, and {103,104}, respectively, as
well as three between-phase possible transition regions rang-
ing between any two neighboring centers.

First, for each phase, between-phase analysis is performed.
The common basis extraction results are shown in Tables 1
and 2. The Pg between Phases I and II reveals that three liq-
uid levels operate similarly in the two phases, which can
also be supported by the plot shown in Figure 3b. Clearly,
except Phases I and IV, the other phases will be decomposed
into two subspaces differently when different adjacent phases
are used as their between-phase combination. For example,
for Phase II, when it is characterized for analysis between
Phases I and II and between Phases II and III, respectively,
the common basis extraction results are quite different.
Moreover, in each phase, by projecting the measurement
data Xi onto the common bases, the associated variation in-
formation along each common base can be obtained. The
variations driven by the common bases are quantitatively
calculated corresponding to different phase and are also
shown in Tables 1 and 2. They are different for different
between-phase analyses. From the results, Phase II is
explained more (64.03%) by the common basis from
between Phases II and III analysis compared with that (only
7.91%) by the common basis from between Phases I and II
analysis. After the explanation of common bases in each

Figure 8. (a) Online monitoring result of a normal batch between Phase Centers II and III and (b) reconstruction-
based transition identification result (top: time-varying trajectory of t2–3 and bottom: SPE monitoring
results) (dashed line, 95% control limit; dot line, the monitoring statistics).

Figure 9. (a) Online monitoring result of a normal batch between Phase Centers III and IV and (b) Reconstruction-
based transition identification result (top: time-varying trajectory of t3–4 and bottom: SPE monitoring
results) (dashed line, 95% control limit; dot line, the monitoring statistics).
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phase, specific bases are extracted to indicate the phase-spe-
cific correlations different from its neighboring phases. As
shown in Figures 4a, b, for Phase II, when it is analyzed
with Phase I as the starting phase, Variable 2 is negatively
significant, Variable 3 is not important, and Variables 4 and
5 are both positively important. Comparatively, when Phase
II is analyzed with Phase III, Variable 2 is positively signifi-
cant, Variable 3 is negatively important, and neither Variable
4 nor 5 is dominative with opposite sign. So when each
phase is involved for different between-phase analysis, the
extracted specific bases may have different dominative varia-
bles with different signs. As shown in top plot of Figure 4b,
for between Phases II and III, the most dominative variable
is F1, indicating changes from Phase Center II to III, which
agrees well with the trajectory shown in Figure 3b. For
between Phases III and IV, as shown in bottom plot of Fig-
ure 4b, the most dominative variable is L2, whose change is
also supported by its trajectory from 72nd to 104th sample
shown in Figure 3b. Moreover, it should point out that
resulting from the complex coupling relationship among var-
iables, the variables associated with dominative specific basis
parameters do not necessarily change greatly between the
neighboring phase centers. For example, F2, L1, and L3 in
Phase II for between II and III analysis. Also along the first
specific basis in each phase, the variations are different. As
shown in Tables 1 and 2, for Phase II, variation along com-

mon basis is greater in between Phases II and III analysis,
whereas variation along specific basis counts more in
between Phases I and II analysis. In different between-phase
combinations, only one common basis is needed to reveal
the between-phase universal information, and one or two
specific bases are needed to describe the phase-dependent in-
formation. That is, for each phase center, when it is associ-
ated with different neighboring phases for between-phase
analysis, it is decomposed differently based on its relation-
ship with its neighboring phase. The variation information
explained by the first common basis and specific basis in
each phase is summed to see how much information can be
captured by them. Comparatively, the variation based on
subPCA is also calculated to see how the variance distribu-
tion is along the first subPCA loading and the first two load-
ings, respectively. Clearly, the subspace separation results
give a different description for each phase from the
between-phase viewpoint. Regarding subPCA, we can only
know the scenario in each isolated phase but cannot get any
idea about its relationships with its neighboring phases. By
considering the between-phase relationship, interesting infor-
mation is revealed to help phase transition analysis.

Then based on between-phase analysis, different statistical
models are designed, revealing the relationship between any
two phases, for online monitoring in each phase. First, the
irregular transition dynamics are demonstrated by checking
the time-varying trajectory of between-phase reconstruction
score ti�j for training data as calculated in Eq. 12. As men-
tioned before, the reconstruction ti�j is the weight attached
to the target phase model. Its magnitude thus reveals the
influence of the target phase during the transition, which is
supposed to increase generally. As shown in Figure 5a, right
after the Phase Center I (14th sample), ti�j for all batches
are almost zero, which means that the patterns are in steady
status within Phase I. After 27th sample, ti�j of some
batches begin to show larger magnitude, whereas others do
not until later. Besides the magnitude of ti�j, its signs and
changing timings are also different over batches, revealing
the irregular transition phenomena. Also it tells that the
weights to the target-phase models may be negative. The
similar phenomenon can be seen in Figures 5b, c for recon-
struction ti�j along the two specific bases in each target

Figure 10. Online monitoring result of a normal batch
after Phase Center IV (dashed line, 95%
control limit; dot line, the monitoring statis-
tics).

Table 3. Process Faults Introduced in the
Three-Tank System

Fault
No. Fault Description

Occurrence
Time

1 A leakage in Tank 1 by fully opening
valve LV1

First sample

2 Level sensor failure in Tank 2 40th sample
3 A leakage in Tank 1 by half opening

valve LV1
60th sample

4 A leakage of Tanks 2 and 3 by fully
opening valves LV2 and LV3
simultaneously

48th sample

Figure 11. Fault I detection results before Phase Cen-
ter I (solid line, 99% control limit; dot line,
on-line monitoring statistics).
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phase. Generally, when the pattern is nearer to the target
phase, ti�j shows larger magnitude, revealing greater influ-
ence of the target phase in the current pattern. Moreover, the
magnitude of ti�j does not consistently increase along time
direction, revealing time-varying transition irregularity. Then
after a certain time, when the current pattern enters the
steady status in target phase, it can be well explained by the
target phase. So the residuals after the explanation of target
phase may not cover systematic information, and the specific
scores in the starting phase may approximate to zero, which
are not shown here.

Then the monitoring systems are tested online. For one nor-
mal batch, from the process starting, before the center of
Phase I, the three monitoring statistics are shown in Figure 6,
which are well below the confidence limit, agreeing with the
real case. Then starting from Phase Center I (14th sample) till
Phase Center II (43rd sample), the monitoring results are
shown in Figure 7a. At the beginning, all monitoring statistics
stay well within the normal region, revealing that the patterns
are now in steady status of Phase I. Then after the 34th sam-
ple, SPE statistics values go beyond the control limit, reveal-
ing that the underlying characteristics of the pattern cannot be
fully addressed only by Phase I. To check whether the alarm
is caused by process failure or phase transition, the recon-
struction-based monitoring results are shown in Figure 7b.

From the 27th sample, the reconstruction t1–2 begins depart
from zero, and shows large increase consistent with that
shown in SPE statistics in Figure 7a as the contributions of
Ps

2�1 are becoming more dominating. After the explanation of
target phase, the out-of-control SPE values are eliminated,
which means that the original deviation from the starting
phase is well explained by target phase. Then this is normal
transition pattern. Between Phase Centers II and III (from
43rd to 73rd sample), as shown in Figure 8a, the SPE moni-
toring values escape from the desired operation trajectory
from the 60th sample. Similarly, reconstruction results are
performed along the two specific bases in target phase center,
where the first reconstruction score t2–3 plays more impor-
tantly than the second one. The transition is judged correctly
as SPE is brought back to its expected region as shown in
Figure 8b. Similarly, within the transition region between
Phase Centers III and IV, the transition pattern is tracked well
as shown in Figure 9. After Phase Center IV (104th sample),
the pattern is supposed to be in steady status of Phase IV,
which is supported by the monitoring result shown in Figure
10.

Further, four fault types as listed in Table 3 are used to test
the fault detection performance, representing different distur-
bances introduced at different time and into different measure-
ment variables. Based on different between-phase models, the

Figure 12. Fault II detection results between Phase Centers I and II (a) monitoring statistics and (b) SPE monitoring
statistics after transition reconstruction (solid line, 99% control limit; dot line, on-line monitoring statis-
tics).

Figure 13. Fault III detection results between Phase Centers II and III (a) monitoring statistics and (b) SPE monitor-
ing statistics after transition reconstruction (solid line, 99% control limit; dot line, on-line monitoring
statistics).
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monitoring results for the four faults are shown in Figures
11–15, respectively. For all cases, in general, none of them
can remove the disturbed variation and bring the SPE moni-
toring statistics back to the normal region, which means that
all the faults are clearly detected. Specially, for Fault I that
happens at the right beginning of the process, the monitoring
is conducted based on Phase I model, where the T2-statistic
based on common bases go out of normal region from the
first sample as shown in Figure 11, revealing abnormal distur-
bances. In Figure 12a, for Fault II occurring at 40th sample
(between Phase Centers I and II), all monitoring statistics
almost yield alarm signals right after the occurrence of sensor
failure. Further using reconstruction-based transition identifica-
tion, SPE alarms cannot be removed as shown in Figure 12b,
revealing that the alarms result from a process fault instead of
a normal between-phase transition. The monitoring results for

Fault III (introduced at 60th sample, between Phase Centers II
and III) are shown in Figure 13a. The T2-statistic based on
specific bases goes out of normal region after 60th sample
and SPE-statistic before 60th sample. Then using reconstruc-
tion-based transition identification, SPE alarms before 60th
sample are removed as shown in Figure 13b, revealing that
those alarms might result from the between-phase transition
instead of process failure. Also, the SPE alarms between 60th
and 70th samples are eliminated, showing a certain time delay
for fault detection, which may result from the smaller fault
influence compared with Fault I. In addition, in Figure 13b,
as the SPE monitoring statistics after reconstruction show
out-of-control alarms near Phase Center III, for comparison,
the monitoring results between Phase Centers III and IV
are shown in Figure 14 with respect to the same fault,
where by Phase III model, the SPE monitoring statistics

Figure 14. Fault III detection results between Phase Centers III and IV (a) monitoring statistics and (b) SPE moni-
toring statistics after transition reconstruction (solid line, 99% control limit; dot line, on-line monitoring
statistics).

Figure 15. Fault IV detection results between Phase Centers II and III (a) monitoring statistics and (b) SPE monitor-
ing statistics after transition reconstruction (solid line, 99% control limit; dot line, on-line monitoring
statistics).
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clearly indicate the abnormality and out-of-control alarms
cannot be eliminated by reconstruction. Also the results
reveal that the influence of Fault III is continuously forward
in the process. For Fault IV at 48th sample (between Phases
II and III), all monitoring statistics yield alarm signals but
with different delays in Figure 15a. Then after reconstruc-
tion, SPE alarms cannot be removed, revealing that those
alarms result from some process failure instead of the
between-phase transition. Also it should be noted that after
transition reconstruction, the alarm time (57th sample) by
the SPE plot in Figure 15b shows larger delay than before
(53rd sample) in Figure 15a.

With the proposed method, the ideas of between-phase sim-
ilarity and dissimilarity are better understood. By relating the
correlations between the underlying variables of two neighbor-
ing phases and separating their common and unique informa-
tion, the proposed method can provide a better characteriza-
tion of each phase. The changes from one phase to another
are thus better tracked, beneficial for between-phase transition
analysis and monitoring. There may still be many issues to be
investigated in the future, but the results of this study provide
the basis for further work and improvement. For example, it
may lead to improved knowledge regarding critical variables
that dominate phase changeovers, increasing the possibilities
of and the potential for active phase-based process control.

Conclusions

This article proposes a process analysis, understanding,

and monitoring methodology for between-phase transition in

MP batch processes. It first reveals the problem of irregular

transition dynamics over batches. Instead of identifying the

definite boundary between steady phase and transition and

fixing transition model a priori, only phase centers are

defined, between any two of which, all process patterns are

regarded as possible transitions to accommodate their irregu-

lar dynamics. By between-phase modeling, the underlying

phase information is decomposed more meaningfully for

between-phase transition analysis. The strengths of the pro-

posed strategy lie not only in the effectiveness of the moni-

toring methodology but also in the appealing analysis results

and comprehension for between-phase transition problem.

Different from the conventional modeling strategy, the pro-

posed method reduces the efforts of model development for

between-phase transitions. Instead, the dynamic transition

patterns are automatically monitored by means of two neigh-

boring-phase models and the reconstruction calculation,

which is simple and not computationally demanding. The

Illustration to a practical experimental system illustrates the

existence of ‘‘irregular transition’’ phenomena and the effec-

tiveness of the proposed analysis strategy. Moreover, further

analyses can also be conducted focusing on the robustness of

the proposed method, which needs further demonstration

based on more real cases under different practical environ-

ments. It also provides the basis and potential for future

work. For example, the proposed method may be proper for

continuous processes to address the mode transition problem,

which, however, needs further and specific consideration

regarding their different characteristics from batch processes.
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Appendix

In the case of multiset measurement data, X
i (Ni � J)

(i ¼ 1,2,…C), the set-to-set interrelation may refer to the
common structures in variable correlations. In each mea-
surement space, it is always possible to find out a subset
of samples, which are representative enough to the other
samples and can substitute all samples by their linear com-
binations. The major underlying variable correlations in
the original measurement space are also represented by
them. They are called subbasis vectors here, which are
used to evaluate the similarity and dissimilarity over mul-
tiple sets.

As any subbasis in each dataset space, pi
j (j ¼ 1,2,…,J),

must lie in the span of the input observations, there exists
linear combination coefficients ai

j ¼ [ai
1;j, ai

2;j,…,ai
n;j], such

that

pi
j ¼

XNi

n¼1

ai
n;jx

i
n ¼ XiTai

j (A1)

That is, each subbasis vector pi
j is actually a linear function

of the original observations in each dataset.
The degree of similarity of subbasis vectors should be

measured in terms of ‘‘how close with each other over sets.’’

However, it would be complicated if all set-to-set interrela-

tionships are simultaneously and directly evaluated. Here,

the computation trick by Carroll34 is borrowed, in which, a

third-party canonical variate was introduced in their general-

ized component analysis (GCA) algorithm. Then in our

method, the simultaneous similarity assessment of variable

correlations over sets can be achieved through the introduc-

tion of a global and common basis vector, pg. It can be

regarded as the supplementary and pseudo (C þ 1)st subba-

sis vector and should approximate all C subbases as close as

possible. That is, these real subbasis vectors, which are cor-

related with each other as close as possible, or speaking

more exactly, as common as possible over sets, can be com-

prehensively described and even substituted by the global

basis.
To figure out the common bases, a two-step extraction

procedure is designed. In the first step, the common subbases
are preparatorily computed from the original measurement
data, and then in the second step they can be further con-
densed and refined by enhancing their correlations. Different
optimization objectives and constraints are used in the two

steps, which both come down to the simple analytic solu-
tions of constrained optimization problems.

The first-step basis extraction

During the first-step basis extraction, we define it in terms
of finding a J-dimensional global basis (pg) together with
different linear combinations of the observations comprising
each of C collective data sets with the cost function and cer-
tain constraints as below

max R2 ¼ max
XC

i¼1

pT
g XiT ai

� �2

s:t:
pT

g pg ¼ 1

aiTai ¼ 1

( (A2)

Using a Lagrange operator, the optimization problem finally
leads to a simple analytic solution

XC

i¼1

XiTXi
� �

pg ¼ kgpg

Qpg ¼ kgpg

(A3)

This is a standard algebra problem. At the request of the
maximal objective function value, that is, the largest kg, ana-
lytically, the solution leads to the eigenvalue decomposition
on the sum of subset covariances, Q ¼

PC
i¼1 XiTXi

� �
.

The subbasis vector is calculated by

pi ¼ XiTai ¼
ffiffiffiffi
1

ki

r
XiTXipg (A4)

where the parameter ki can be calculated by pT
g X

iT
X

i
pg ¼

ki.
Orderly, R number of global basis vectors can be derived

by Eq. A3 in accordance with the descending kg, resulting in
the same number of subbasis vectors calculated using Eq.
A4 in each dataset. This decomposition summarizes and
compresses the underlying cross-set common variable corre-
lations into a new subspace spanned by R subbases within
each dataset, P

i (R � J).

The second-step basis extraction

To get the cross-set common subbases that are really close
correlated, correlation analysis index should be used instead
of the covariance index. In comparison with the optimization
function and constraints shown in Eq. A2, the second-step
basis extraction is designed by constructing and solving a
different optimization problem. It is implemented on the ba-
sis of the first-step analysis result (Pi (R � J)), and the aim
is to maximize the mean square correlations

max R2 ¼ max
XC

i¼1

r2 pg;P
iTai

� �
¼ max

XC

i¼1

pT
g PiTai

� �2

s:t:
pT

g pg ¼ 1

aiT�P
i�P

iT
ai ¼ 1

(
ðA5Þ
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Using a Lagrange operator, its solution also comes down
to a standard algebra problem

XC

i¼1

�P
iT �P

i�P
iT

� ��1
�P

i
	 


pg ¼ kgpg

Spg ¼ kgpg

(A6)

Therefore, the optimization problem finally leads to a simple
analytical solution, that is, pg should be the eigenvector of

S ¼
PC

i¼1
�P

iT �P
i�P

iT
� ��1

�P
i

	 

corresponding to the largest

eigenvalue kg.

The subbasis vector is calculated by

pi ¼ �P
iT

ai ¼ 1ffiffiffiffi
ki

p �P
iT �P

i�P
iT

� ��1
�P

i
pg (A7)

where the suboptimal objective parameter ki can be calcu-
lated by pT

g P
iT (Pi

P
iT)�1

P
i

pg ¼ ki

In turn, R number of global basis vectors are retained and
can construct a global basis subspace Pg (R � J). Corre-
spondingly, C subbasis subspaces, P

i (R � J), are also
derived, which are actually the projected ones from Pg (R �
J) onto P

iT.
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